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This paper presents a finite difference solution of the 2-D, unsteady incompressible
Navier-Stokes equations for laminar flow about a rotating cylinder placed in an otherwise
uniform flow. The governing equations are written a non-inertial system fixed to the rotating
cylinder. The orthogonal transformation provides a fine grid near the wall and a coarse field
far from the cylinder. Time derivatives are handled by forward differences, convective terms
by a third order upwind difference, other space derivatives are by high order central
differences. The variation of lift and drag coefficients with time are presented for different
values of rotation parameter «. The variation of time mean and root-mean-square (r.m.s.)
values with « are also shown for two meshes.

1 Introduction

It has been known for a long time that a spinning cylinder will develop large lift
forces when placed in a uniform stream; this is the so called Magnus effect. The first person
who used this device on a large scale for ship propulsion was Flettner, and the device was
named after him. Rotating cylinder is also a means of boundary layer or circulation control.
By moving part of the wall it is possible to eliminate the formation of the boundary layer by
attempting to eliminate the velocity difference between the wall and flow, which is the very
source of boundary layer formation. Using a rotating cylinder at the leading edge (see Lewis
& Arain (1991)) or at the trailing edge (see Tennant et al. (1976)) of an aerofoil, flow
separation can be prevented resulting in high lift and low drag. Hyung et al. (1995) carried
out experimental tests on the flow past a rotating cylinder in uniform shear flow. Chew et al.
(1995) and Cheng et al. (1997) developed a hybrid vortex scheme in which the vorticity
transport equation is broken into two fractional steps: pure diffusion and inviscid convection
are handled separately. They applied their methods for computation of flows around fixed and
rotating cylinders.

There are different methods available for the computation of flows past fixed or
oscillating cylinder, Karniadakis & Triantafyllou (1989), Menighini & Bearman (1995),
Baranyi & Shirakashi (1999a) and Baranyi et al. (1999b). In the latter papers the authors



present a computational method, based on a finite difference solution of the Navier-Stokes
equations and a pressure Poisson equation written in a non-inertial system fixed to the
oscillating cylinder. This method is extended here for the computation of the flow past a
rotating cylinder placed into a uniform stream. Computational results are presented for lift
and drag coefficients. Based on computational results the author attempts to evaluate the

efficiency of the Magnus effect in creating lift.

2 Governing Equations

The primitive variable formulation is used for the solution of the problem. The
governing equations are: two components of the non-conservation form of the Navier-Stokes
equations and the equation of continuity. These equations which contain only dimensionless
quantities are written in the non-inertial system fixed to the rotating cylinder, referred to as

relative system from now on. The equations have the following forms
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In these equations all quantities are non-dimensionalized by the combinations of a

reference length L=d, a reference velocity U, the density p and kinematic viscosity v . Here

d is the diameter of the cylinder and U is the upstream velocity. Consequently the Reynolds
number Re is defined as Re =Ud / v . In the equations above X, y are Cartesian co-ordinates,
u, v are the x, y components of velocity in the relative system fixed to the cylinder, p is the
pressure, @ is dilation, t is time, « is the cylinder rotation parameter defined as the ratio of
the peripheral velocity and freestream velocity
_ed
2U

Here (2 is the angular velocity of the cylinder. It is positive when the direction of rotation is

(4)
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counter clockwise.



Although theoretically equations (1) — (3) are applicable for the determination of the
three unknowns u, v and p, according to Harlow & Welch (1965) it is advisable to use a
separate equation for the determination of pressure p. Taking the divergence of the Navier-

Stokes equations (1) and (2) yields a Poisson equation for pressure
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is the vorticity. Governing equations (1) — (3) and (5) are valid for flows around cylinders
rotating with variable angular velocity (a = «(t)), with constant angular velocity (& = const),

and also for stationary cylinder (« =0). Although strictly the dilation ® =0 by continuity,
still it is advisable to retain its partial derivative with respect to time in equation (5) to avoid
instability, Harlow & Welch (1965). Equations (1), (2) and (5) will be solved while the
continuity equation (3) is satisfied at every time step. The body force due to gravity is

included in the pressure term.

2.1 Boundary and initial conditions

The basic equations are written for the incompressible fluid in a non-inertial system
fixed to the rotating cylinder. The physical domain defined by dimensionless inner and outer
radii R, and R,, is shown on the left-hand side (LHS) of Figure 1. In the relative system it
looks as if the parallel flow were rotating with non-dimensional angular velocity — . At
dimensionless time t the freestream velocity U includes an angle of

$=0t (7
with the x axis (see the figure). Due to lack of space, the way quantities are
nondimensionalized will not be explained here, we only refer to Baranyi & Shirakashi
(1999a). The relationship between rotational parameter « defined by equation (4) and
dimensionless 2 is 2 =2«.

Before considering the boundary conditions (BCs) let us write the relationship in an
arbitrary point of the physical domain between velocities u, v in the relative system and

absolute velocities u,, v, measured in the inertial system. Taking into account basic

kinematics the relationship between these velocities runs as follows
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where R is the dimensionless distance from the origin, 4 is the angle shown in Figure 1,
related to cylinder rotation, ¢ is polar angle measured in the relative system; it is zero in the

direction of the positive x axis and is increasing in clockwise direction. Let us investigate now
the boundary conditions.

On the surface of the cylinder (R,) (See Figure 1):

Velocity: no-slip condition

u=v=0. (10)
Pressure:
0P _ Loy _op (11)
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where n refers to components in the direction of the outer normal. Equation (8) is obtained
from Navier-Stokes equations (1) and (2).
Far from the cylinder (R,):
Velocity: uniform absolute flow
u=cos(2at)-2aR, sing; (12)
vV =-sin(2at)-2a R, cosg. (13)
These time-dependent BCs were obtained from equations (8) and (9) assuming uniform flow
at R, in the inertial system, and equation (7) was also taken into account.

Pressure:

0
on
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0. (14)

It is to be noted that the assumption of uniform flow in the far field region is reasonable
except for the narrow wake since the outer boundary of the computational domain is very far
from the cylinder.

Initial conditions are obtained from the assumption that the cylinder is started
abruptly at t = 0. Substituting $=0, u=U =1 and v = 0 into equations (8) and (9) yields
initial conditions for velocity

u=1-2aRsing; (15)
v=-2aRcosp, (16)

and pressure p is considered to be constant at t = 0.
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Figure 1 Physical and computational planes

3 Transformation from Physical Plane to Computational Plane

We use boundary-fitted co-ordinates on the physical plane since boundary conditions
can only be represented accurately when the boundary is such that it coincides with some
coordinate line. This physical domain shown on the LHS of Figure 1 is transformed onto a
rectangular domain - computational plane - which can be seen in the right-hand side (RHS) of
the figure. A unique and single-valued relationship between the co-ordinates on the

computational domain (£,7,7) and the physical co-ordinates (x, y,t) can be written as (see

Baranyi et al. (1999b))

y(&m)=-R(n)sin[g ()] (17)

where the dimensionless radius
R(7)=R exp [f ()]. (18)
This choice of the structure of the mapping function automatically assures that the
obtained grid is orthogonal on the physical plane for arbitrary functions f(;7) and g(&).
By choosing the mapping functions properly a very fine grid can be obtained in the

vicinity of the cylinder and a coarse grid far from the body. Even linear functions for f(n)



and 9(5) can provide this feature. Transformations (17) and (18) are unique and single-
valued only for non-vanishing Jacobian J
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The x and y components of the Navier-Stokes equations will be transformed as
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follows
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The dilation & transforms as
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The Poisson equation for pressure will have the form
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Boundary conditions for pressure will be transformed as
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In equations (20) - (24) variables g,, ,9,, ,¢ and o are defined as follows
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In these equations g,, and g,, are elements of the metric tensor. Because of the

structure of transformation (17) and (18) the grid is always orthogonal. Hence the off-
diagonal metric tensor elements g,, = g,, =0. That is also the reason why the mixed second
derivatives are missing from the equations above.

Since the mapping is given by elementary functions, all of the metric parameters and
co-ordinate derivatives can be computed from closed forms. In this way the numerical
differentiation of co-ordinates subjected to numerical errors can be avoided.

It can be shown by using equations (17) - (19) and (28) that when g(&) is a linear
function then @ =0. If fis a linear function of 7 then o =0 too, as can be proved by using
equations (17) - (19) and (29). In these cases our equations can be simplified further, and the
grid aspect ratio will become constant. By choosing the number of grid points in directions &

n properly, this constant can be set to unity resulting in conformal transformation.

4 Discussions and Sample Calculations

The computational code developed for the solution of the flow about fixed and
oscillating cylinders (see Baranyi & Shirakashi (1999a)) was modified and extended in order
that it should be able to tackle this new problem. The transformed governing equations are
solved by the finite difference method. The time derivatives in the Navier-Stokes equations
(20) and (21) are approximated by forward differences. Fourth order central difference
scheme is used for the diffusion terms and pressure derivatives. The widely used modified
third order upwind scheme proposed by Kawamura (1984) proved to be successful in
handling the convective terms in the Navier-Stokes equations.

The equations of motion are integrated explicitly giving the velocity distribution at
every time step. In the knowledge of the velocity distribution in an arbitrary time step, the
pressure is calculated from equation (22) by using the successive over-relaxation method

(SOR) while the continuity constraint (22) is also satisfied. The pressure on the cylinder



surface is calculated by the third order formula derived from the Taylor series at every time
step.

The computational grids used are 145x79 or 241x131 O-meshes. These numbers of
grid points were chosen to assure conformal property of the transformation. The diameter of
the outer boundary of the computational domain is 30 d. Dimensionless time steps used were
0.001 and 0.0005.

Computations were carried out for flows about cylinders rotating with different
angular velocities and with Re = 180. The effect of rotation parameter « on the lift and drag
coefficients was investigated for 0 <a <15 for meshes characterized by 141x79 and

241x131 grid points. Figure 2 shows the variation of lift coefficient C_, skin friction lift
coefficient C,,, drag coefficients C, and C,, with dimensionless time, for

a =0; 0.5; 1; 1.5, and for 241x13 mesh. Having a glance at these figures we can see that
only small parts of the lift and drag coefficient are due to friction; larger parts are due to
pressure. The top part of the figure shows coefficients for fixed cylinder (e =0). In this case
the drag coefficients oscillate twice as many as the lift coefficients during a fixed time
interval. In case of « =0.5 a second dominant frequency component appears in the drag
coefficient. By increasing « further all of the signals show regular fluctuations with constant
amplitudes, and the frequency of oscillation for lift and drag will become roughly identical in
contrast with fixed cylinder. By applying FFT for the oscillating signals it was found that the
change in the vortex shedding frequency, or Strouhal number can be neglected over the
investigated « domain.

Computations were carried out for the 145x79 mesh for different « values too. On
the other hand time mean values and root-mean-square (r.m.s.) values were evaluated for both
meshes. Figure 3 shows the mean values for lift and drag coefficients against « for the two
meshes and a remarkably good agreement was obtained. It was found that the drag coefficient
is slightly decreasing in contrast with the results of Chew et al. (1995) who experienced a
slight increase in C for increasing « . It can be seen in the figure that the absolute value of
the lift coefficient increases almost linearly with « . It is known or can be derived easily that
for frictionless ideal fluid-flow around a rotating cylinder the lift coefficient C_,, is also a

linear function of «, and can be written as follows

Cu="2rna.
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Figure 2 The variation of lift and drag coefficients with « and time

By comparing this relationship with the results in Figure 3 one can say that at this Re
number and in the investigated « domain the real lift is just about 40 % of the one predicted
by the Magnus effect for ideal fluid.

Figure 4 shows the variation of the r.m.s. values of lift and drag coefficients with «
for the two meshes mentioned earlier. Having a glance at the figure one can see that while the
r.m.s. values of the drag coefficient agree very well over a wide range of & domain, the r.m.s.

values for the lift coefficients for the two meshes differ from each other over the whole «

range. The accurate prediction of C . requires the application of a dense mesh. It looks

like that the accurate prediction of the r.m.s. values of the lift coefficient means a severe test

of the computational method not only in the case of the fixed or oscillating but for rotating
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Figure 3 Time-mean values of lift and drag coefficients vs rotational parameter «

cylinders as well. For the computations carried out the angular velocity of rotation was

constant so far. We are going to investigate the case when « = a(t) in future.
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Figure 4 Root-mean-square values of lift and drag coefficients vs rotational parameter «



5 Concluding Remarks

The finite difference method worked out mainly by the present author has been
extended and adapted for the numerical simulation of unsteady, laminar incompressible fluid
flow about rotating circular cylinders placed in otherwise uniform flows. Primitive variable
formulation is used, and equations are derived in a non-inertial system fixed to the cylinder.
By using boundary fitted co-ordinates, interpolation of the boundary conditions becomes
unnecessary. The choice of a grid fixed to the moving cylinder eliminates the need for
interpolation of the initial values at every time step. An orthogonal transformation is used to
map the physical plane to the computational one, and the grid density can be controlled. Time
derivatives are approximated by forward differences, space derivatives by fourth order central
differences except for the convective terms for which a third order modified scheme was used
Kawamura (1984). Velocity values are obtained by integrating the Navier-Stokes equations
explicitly, and SOR method is used for the determination of the pressure distribution at every
time step. The vortex shedding frequency is obtained by applying the FFT for the computed
oscillating signals.

Computations have been carried out for different angular velocity or rotation
parameter (c) values for two different meshes. Time mean values for lift and drag
coefficients agree well with each other for the two meshes but the root-mean-square value of
the lift coefficient requires the denser mesh. It seems that the accurate prediction of this
quantity is a severe test of the method for not only fixed and oscillating cylinders but for

rotating ones too.
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